Let V be a simple vertex operator algebra and G a finite automorphism group of V . It was shown in [DY] that any irreducible V -module is a completely reducible V G -module. In this paper, we show that any g-twisted V -module is also a completely reducible V G -module if V is g-rational. For each g ∈ G, a g-twisted Zhu algebra A g,n (V ) plays an important role, but the given product in A g,n (V ) depends on the eigenspaces of g. We show that there is a uniform definition of products on V and we introduce a universal G-twisted Zhu algebra which covers all g-twisted Zhu algebras.
Introduction
Let V be a simple vertex operator algebra and let G be a finite automorphism group of order T . One of the important problems in the orbifold conformal field theory is to determined the V G -modules. In particular, it is the main conjecture that if V is rational, then V G is rational, that is, every V G -module is completely reducible. It is shown in [DY] that all irreducible V -modules are completely reducible as V G -modules. Another important category is a twisted module. Namely, for any g ∈ G, any g-twisted module is also a V G -module. Recently, if g ∈ Z(G), then it is shown in [Y] that all g-twisted Vmodules are completely reducible as V G -modules if V is g-rational.
In this paper, we will extend this result to the general setting and show that for any g ∈ G, g-twisted modules are completely reducible as V G -modules if V is g-rational. In order to prove this fact, we will introduce a universal G-twisted Zhu-algebra. For an investigation of V -modules, a Zhu algebra A(V ) = V /O(V ) (or its extension A n (V ) = V /O n (V )) plays an important role. For a g-twisted V -module, a g-twisted Zhu algebra A g,n (V ) was introduced by Dong, Li and Mason [DLiM] and plays a similar role, where n ∈ Z/T . However, the definition of product a * g,n b in A g,n (V ) depends on the choice of eigenspaces of g containing a. Namely, for g ∈ G, V decomposes into the direct sum of eigenspaces V = ⊕ T −1 k=0 V k , where V k is the eigenspace of g with eigenvalue e 2π √ −1k/T . If a ∈ V 0 , then
where n = h + y/T with y = 0, 1..., T − 1 and h ∈ Z ≥0 . One of the purposes in this paper is to show that for a, b ∈ V , there is a unified form * n of products which does only depend on the weights of a and b such that
for any g ∈ G. Using this product, a natural map
given by φ n (v) = (v, v, · · · , v) becomes an algebra homomorphism:
We will call V /Kerφ n a universal G-twisted Zhu algebra.
Existence of unified form of product
Let T be a positive integer and g an automorphism of V satisfying g T = 1. We fix them in this section. Then V decomposes into the direct sum
−1k/T v}. We note that V k/T might be zero. Let a ∈ V N and b ∈ V . Let M be a positive integer such that a s b = 0 for all s > M.
with h a nonnegative integer and y = 0, 1, ..., T − 1 and we will consider n-th orbifold Zhu algebra A g,n (V ). The ordinary definition of the product in A g,n (V ) is given by
In this section, we use a * n b to denote (2.3)
which is equal to
We note that this product does not depend on the decomposition (2.1) and we will denote it by
The aim in this section is to show that there is a unified product form a * n b which depends only on the weights of a and b. Namely, we will prove the following theorem:
Theorem 2.1 For a, b ∈ V , there are a finite number of complex numbers λ i and integers m i (i ∈ I) which depend only on N = wt(a) and wt(b) such that
is a unified product for A g,n (V ) for any g ∈ G. Namely,
for any g ∈ G.
[Proof] Equivalently, we will prove that there are complex numbers λ i and integers m i such that for any g ∈ G (2.5)
for any nonnegative integer m and so
where
Solving these congruent equations, a
and so a −h−3+N }. We will hence consider a set
s b by x s , we will investigate the coefficients by viewing the above equations as a Lorentz series. Set
. We first prove the following lemma.
]|k = 0, 1, ..., T − 1} of formal power series is a linearly independent set over K.
[Proof]
We note f k (x) −1 = (1 + x) −Q k as a formal power series, where
: r = 0, 1, 2, ...} is a linearly dependent set over C. However, it is clearly a linearly independent set as functions, which is a contradiction.
Let's go back to the proof of Theorem. In order to express a
where (f k (x) −1 ) ≤m is the part whose terms have degree m or less and (f k (x) −1 ) >m is the part whose terms have degree greater than m. In particular, we have (
. For a formal power series i∈Z α i x i , we will use notation [ i∈Z α i x i ] to denote the nonnegative power part, that is,
It follows from (2.14)
and deg(
.
To simplify the notation, we denote
and congruent equations (2.16)
or equivalently,
for any k = 0, 1, ..., T − 1. We next consider |S| infinite dimensional column vectors
for (k, p) ∈ S and define an ∞ × |S|-matrix
Since our aim in this section is to show that there are λ −2n−2−m ∈ C such that
it is sufficient to show that rows in A span C |S| , equivalently, {α k/T +p |(k, p) ∈ S} is a linearly independent set.
For each k,
We hence have
. Therefore it is sufficient to show
is linearly independent, where
Viewing them as coefficients of formal power sereis, we have a set
Suppose that there are λ k,p such that
By Lemma 2.1, {f k (x) −1 : k = 0, 1, ..., T − 1} is a linearly independent set over K, which implies λ k,p = 0 for k = 0 and
For k = 0, (2.10) becomes (2.19)
Hence it is clear that the set of column vectors
is linearly independent. This implies that the columns vectors of A are linearly independent and so there are |S| rows vectors
of A and complex numbers λ i (i = 1, ..., |S|) such that
Then we have
as desired. This completes the proof of Theorem.
Universal G-twisted Zhu algebra
For a subset C of G, we define a map
by φ C,n (a) = (a, ..., a). Then we have already shown the following:
Set O C,n (V ) = Kerφ C,n and define A C,n (V ) = V /O C,n (V ). We will call this algebra a universal C-twisted Zhu algebra. Proposition 3.2 If A g,n (V ) are semisimple for all g ∈ C, then the universal C-twisted Zhu algebra A C,n (V ) is also semisimple.
Let φ C,n : A C,n (V ) → ⊕ g∈C A g,n (V ) be a natural homomorphism and φ g :
is a nilpotent ideal of A g,n (V ) since φ g is surjective and so φ g (J) = 0. Therefore we have J ⊆ ∩ g∈G Kerφ g = Kerφ C,n and so A C,n (V ) is semisimple.
The Main Theorem
In this section, let G be a finite automorphism group of V of order T . Let g ∈ G and assume that V is a g-rational simple vertex operator algebra.
Let C be a conjugate class of g. Clearly, the restriction of φ C,n on V G coincides with a natural homomorphism
G is contained in the image of A n (V G ). By the same argument as in the proof of Lemma 3.2, we obtain that A C,r (V ) is a semisimple if V is g-rational.
In [Y] , she studied a twisted group algebra and proved the following theorem:
Proposition 4.1 (Theorem 1.1 in [Y] ) Let A be a finite-dimensional semisimple algebra over C and G a finite automorphism group of A. Let N be a finite-dimensional simple A-module and define its inertial subgroup G N by
which acts on N projectively and denote the corresponding 2-cocycle by α. Denote by I the set of inequivalent simple C α [G N ]-modules occurring in N and N W the multiplicity space of W in N. Then N W is a simple A G -module for all W ∈ I.
As a corollary of Theorem 3.1, we have the following theorem.
Theorem 4.2 If g ∈ G and V is a g-rational simple VOA, then every g-twisted V -module is a completely reducible V G -module.
[Proof] Let M be an irreducible g-twisted V -module and M(n) the first nth top module of M. Let C be a conjugacy class of G containing g. Then M(n) is a simple A C,n (V )-module. Let H(n) be the inertia subgroup of M(n). By the above proposition,
where U χ is an irreducible H(n)-module and W χ is a simple (A C,n (V )) G -module. By Theorem 3.1, there is a surjective map φ :
Therefore, W χ is a homogeneous part of some simple V G -module and the number of homogeneous part of simple V G -modules which appears in a composition series is dim U χ , which is always less than or equal to |G|. If M(n) contains a homogeneous component U(m) of simple V G -module U, then M(n + 1) contains U(m + 1) by the actions of V G . Therefore, the number of composition factors in M(n) is increasing according to n, but it is always less than or equal to |G|. Hence the number of composition factors in M as a V G -module is less than or equal to |G|. Therefore M(n) contains one nonzero homogeneous part from every composition factor for n large enough. Suppose that M is not completely reducible and let P be a maximal completely reducible
We claim that the sub V G -module R generated from R(n) does not have a nontrivial intersection with P . Suppose false, then there are u 1 , ..., u k ∈ R(n), a i,j ∈ V G and integers m j such that
In order to continue the proof, we claim the following lemma: n i = a n b m + δ as endomorphisms of M and δ(M(s)) = 0 for any s ≤ N.
[Proof] It follows from the associativity law of VOAs that we have infinitely many equations:
(a n−i u) m+i = a n−i u m+i + (n − i)a n−i−1 u m+i+1 + ... − (−1) n−i u m+n a 0 − (−1) n−i (n − i)u n+m−1 a 1 + ... . λ i (a n−i b) m+i − a n b m ∈ O N (M).
Then c = s i=0 λ i (a n−i b) satisfies the desired result.
We go back to the proof of Theorem 4.2. By Lemma 4.3, we may assume that there are c i = j c (i,j) ∈ V G and u i ∈ R(n) such that 0 = i,j c (i,j) n i,j u i ∈ P . We may also assume that i,j c (i,j) n i,j u i is a homogeneous element. Since P is a direct sum of irreducible modules, there is b ∈ V G such that b r i,j c (i,j) n i,j preserves a grading and 0 = b r i,j c (i,j) n i,j u i ∈ P (n). In particular, b r c i,j n i,j u i ∈ R(n) for some i, j. Again, it follows from the associativity law that there is a ∈ V G such that o(a) = b r c (i,j) n i,j +δ ′ as endomorphisms of M and δ ′ (M(s)) = 0 for any s ≤ m, where o(a) denotes its grade preserving operator. In particular, we get 0 = o(a)u i ∈ R(n), which contradicts the facts that u i ∈ R(n) and R(n) is ⊕A m (V G )-invariant. We hence obtain that R has a trivial intersection with P . Let R 1 be a simple V G -submodule of R, then R 1 ⊕ P is completely reducible, which contradicts the choice of P .
